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Introduction
Motivation for Stochastic Caculus; Population Growth Model

Simple ODE problem depicting the growth of population N over time ¢

ij: (t) = a(t)N(t), N(0)= N,

where «(¢) is called the relative growth rate
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Introduction
(Solution)

Suppose alt) is deterministic (i.e. a(t)=a is a constant).

t t / \
fads:f ds:ln\&\
0 0 . Ny

flads = at
0
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Motivation for Stochastic Caculus; How to integral a function with a noise?

In real world, the relative growth rate a(t) can be “stochastic”.

Thus, we can use the expression

a(t)=r(t)+ j(¢) » (random error)
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The problem can be rewritten as SDE (stochastic differential equation)

ﬁ;f (#) = (r(£)+ j(#) » noise) N(#)

a;,f( « N(#)+ j(¢) « noise « N(¢#)

Using integration expression,

t ¢
N(t)= NU—I—f?’SNsds—I—fjsNg « noisc* ds
0 0

but, how do we integrate the term?

t
fjsNg * noisc * ds
0
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Solution; The Ito’s Integral

We will define the new integration

t t
f 7N, * noisc s ds = f J.N, « dB,
0 0

to make ous feel that B, has a similar meaning to noise¢ » ds and B.._ — B,

-

where B, is a Brownian motion which is a "stochastic process'

which is strongly related with normal distribution
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Background

Q “All outcomes”
A,.BeA “Events”

P(A) “The probability” of A

)

Figure 2.1 Event A= {wgﬁ,m45,m54,w.53 }.



A o-algebra

Background

Definition (o-algebra)
(Setting)
£ : some set
P Q) : the power set of 2

A o-algebra (or o-field) i1s a subset A of P() that satisfies

(1) LeA
(2) If A€A, then the complement ACea

(3) A Is closed under countable union. I.e.

Ay e ApEA = Y A EA
i=1
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Background

Definition (Measurable function)
(Setting)
(X,cA) & (Y,B) : measurable spaces

A (A-G) measurable function is a mapping f: X—>Y st
f HB)eA for every set BEB.

If 7:X—=Y is a measurable function, then one can write

J :(X.A)—(Y,B)

to emphasize the dependency on two o-algebras A & B

In special case, when (Y,%) is a topological space with the Borel o-algebra 4, we say

f is A-measurable if f~ "(B)e# for every set BER
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Background

Notation
Note that

A=A < The indicator function 1, is measurable wrt a o-field A

We use notation

X=A < The function X is measurable wrt a o-field A
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Background

Definition (The o-algebra generated by functions)
(Setting)
f: X—Y be a function
F={f;},_, be a collection of functions f;: X—¥

B be a og-algebra of subsets of V

Define the o-algebra generated by f as

the smallest o-algebra on X containing [ Ys):seB)
denoted by o(f)

Define the o-algebra generated by F= |f, as

: ‘}:"E]
the smallest o-algebra on X containing {ff_l(S):SEB} for all i/
denoted by o(F)

Moreover,
a function f: X—Y is measurable w.r.t the g-algebra C of X & o(f)<C
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Background

Definition (Measure)
(Setting)

2 : some set

A . a o-algebra (or o-field ) of £
A function P:A—R_, is called a measure if it satisfies the following properties

(1) Non-negativity

P(A)= 0 for all AeA
(2) Null-empty set

P(¢)=0
(3) a-additivity

For pairwise disjoint sets A, ..., A,,...€EA

Pl ZA&.-]: ZP(A&-)
k=1 | k=1
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Background

Definition (Probability Space)
(Setting)
Q : the sample space of the random experiment
A : a o-algebra of Q

l.e. (Q, A) is a measurable space

A measure P: A — R_, is called a probability measure on a probability space (Q, A)
if P(Q) = 1
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Background

Definition (@ Complete Probability Space)

A probability space (QQ, A, P) is complete when

(Ec 0: P (E)=0)lc4A
where P (E):= inf {P(F):EC F & FE A}

-

*
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Definition (Random Variable)

A (real) random variable X on (Q), A) is a measurable function from Q to R

ie. { X YB):B=#B) < A

where 4 is the Borel o-algebra on R

Denote the probability that X takes on a value X(w) in a mesurable set B4 as

P(XeB)=Plwe: X(w)eB})
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Definition (Expectation)
(Setting)

(Q, A, P) : a probablility space

X : a random variable on (QQ, A)

If X Is Iintegrable, then the expectation of X is defined by

HX):— fg XdP
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Background

Figure 2.1 Event A= {LU35,Q)45,Q)54,(1)53 }.
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Brownian Motion

Definition (Stochastic Process)

is a parametrized collection of random variables which are

. X
A stochastic process l‘xf}fET

defined on a given probability space (Q, A, P).

In discrete time, take 7=2_,, or if we work in contunuous time, set 7= 10, c0)
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Brownian Motion

Definition (Sample Path)

For each fixed t& 7, we have a random variable X :we& Qr—Xw)= X(¢, )

For each fixed we& L2, we just have a real valued fuction & 'THJX;(H})

;Y?;('Z—{}) is called the sample path of the process for fixed weE L2
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Brownian Motion

Definition (Filtration)

A filtration on a probability space (Q, A, P) is a collection F= {‘E};er of sub-o-fields

of a o-field A4 having the property that
s =t implies F, S F,

A filtered probability space (Q, A, F, P) is a probability space (QQ, A, P) endowed with
a filtration F= {F})

t=T

We say that a stochastic process {Xt}IE,F is adapted to the filtration F= (F,}

t=T

when X is F,-measurable for each (0 < # < oo

A stochastic process {X;}IE is always adapted to its natural filtration F = o(X.:s <1t)

T
that is the smallest filtration to which {X]} __ is adapted.
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Brownian Motion

Definition (Standard) Brownian Motion

The standard Brownian motion is a continuous-time stochastic process [Bf}f}ﬂ on a

probability space (QQ, A, P) with the following properties:

@© PB,=0)=1
@ For 0=t, =t =---= 1,
the increments (displacements) B(¢,), B(ty)— B(ty), -
are independent random variables.
3 For 0 < s < ¢, the increments B,— B.~ N(0,t—s)
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Definition (the Standard Brownian Filtration)

(Setting)
{B} 0.7 be a Brownian motion defined on a probability space (QQ, A, P).

”{Bs}sg ~ - the o-field generated by {Bf}few .

N .= {BEG{B;}S S P(B)ZU}
— {A C 2: A < B torsome BEN,|, called "“the set of null sets"
Assume that the probability measure P is extended so that P(A4)=0 for each A= N

Define the standard Brownian filtration as
the filtration {F} _

where F; is the smallest o-field containing both ¢{B,} _ and N
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Brownian Motion

Definition (the usual condition)

The standard Brownian filtration {F}

t,210.77 Nas two basic properties

(1) {F } 0. 7] is a Right-continuous filtration.

FE=F.:= () FS , for each = |0, T

P 8=

@ (£,

0. 7] is a complete filtration.

Ne F, , for each t= (0, T

We say “the standard Brownian filtration satisfies the wswal/ conditions.”
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Stochastic Integral

Definition (the natural domation of Ito Integral)
(Setting)
(QQ, A, P) is a complete probability space with a the standard Brownian filtration {F;}

B :the set of Borel sets of [0, 7]

Let H?([0, 7)) be the space of stochastic process f = {ft(w)} s.t.

t= 0, T
(1) (Measurable)

S 2% [0, 7]—(R,B) is measurable w.rt the o-algebra FrxB on X [0, 7.
& f(+,*)=F, XB for all t<]0, T}
(2) (Adapted)

The random variable f( «,t) is adapted to {F}}
& f(+,t) is A,-measurable for each t< [0, 7
& f( s ,t)EF for all t=[0, T}

(3) (Integrability Constraint)
1

Il £l o(lab]):= E\fb\f(w,f)\ th:f < co

Hz([(}, T)) is called the natural domain of Ito integral
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Stochastic Integral

Notation
Let Hg([ﬂ, 7)) be the subspace of H*([0,7]) which consists f = {ff(n)}
n—l1

-u

flw,t)= Z alw)l t<t<t.) (2)
i= U T ~Yi+ 1.

where 0=¢, <t, <--<t, <t , =T Ha )< & ¢;=F,

(Le. a random variable @; I1s F,-measurable)
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Definition
For fEH[}E([U, T]), define Integral of f as

n—1
(I())(w):= Y aw)(B,
= i+1

Note that (7(f))(w) is just a random variable even though f is a process.
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Stochastic Integral

Lemma 6.1. (Ito’s Isometry on H’UE)

For feH, ([0, T]),

|| [(f) || L3(dP) — || j || L*(dPx dt)
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We prove |l 7(f) | .

Lﬂm— 712,

L(dPxdt)

Since f(w, Zn Wy crer ) = Fw,t)= Za? (W1, oy (@),

) \ T'H
RHS :E{ f F(w,t)dt| = f |Za W)l e ) Ifﬁ (- Definition)

Zaz{fl
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n—1
LHS = E[[(f)gl = F :;}a?(s{) {'Bﬁ_ﬂ—ﬁ’h}g (- Definition)

)2] (-@; and B, — B, are independent)

n—1

Z E [ﬂ"? ( “)] (f:+ 1 f;)

i=10
(B~ B,~ NO.tro, —) & V)= HX")—(HD)
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Lemma (H[,E is dence in H%)

For any FeH*([0,7]), there exists a seq. f}_gEH'UE[[O, 7)) st

—(0) as n—oo

” f—7 H ” L (dPx df)
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By the last Lemma, for any fe H>([0, 7]), define
I(f)= lim 1(f,)

(Existence)

—() as n—0o0.

Suppose there exists a seq. J",_E_EH[;JE (lo,71) st. | F—F, | R

= a sequence f, is a Cauchy sequence.

= By Ilto isometry, a sequence I(j”) is a Cauchy sequence in L*(dP)

= L*(dP) is a complete metric space i.e. every Cauchy sequences converge.

I(jﬂ) converges to some element of L?(dP)
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(Well-defined)

Suppose f’, is anoter sequence st. || f—f", | —(0 as n—o0.

LA(dPx df)

= By triangle inequality, || 7, —1",, | —0

L*(d P x drt)

—() as n—0o0

— by tto wometry, [ 17,)~1(7,) | 1,

CA(f )
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Theorem (lto’s Isometry on HE}

For feH?([0,T]),

|| 7 (f ) || L:{:d P) — || f ” L:"{:dP::{ drt)
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(Proof)
Since H[]E is dence in H”, choose a seq. anH[]E([O,T]) s.t

| f—7, || (4P dﬂﬁ-[} as 11— 00

By the triangle inequality,
HFN fogpan = 1 F=Full 2
By taking the limit,

+ [ F e

(dPxdt) L(d P df)

”f” NdPxdf) — ”f ”

(g pway 3 @S N0
Similary,
[

| 7, || (P = 7, (i Par) @S @S N0

S g

+||f||

(dPx dt) ”f f” “(d P df) (dPx dt)

(P df ||f|| (dpsxqs) @ as N>
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Stochastic Integral

By the same way, since /(f)=1limZ(f,) in L*(dP),

J—= 00

() |

By Ito’s Isometry on H’GE,

2 1 pogpy = 17 | p2ap an

Therefore, | (/) | ;2yp) = 1 S 2yp g
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Ito’s Integral; From a random variable to a stochastic process

We construct the map [: H—L*(dP), but to represent stochastic process, we need a

mapping that takes a process to a process — not to a random variable.

For this purpose, we define a trancation function mf(w,s)EHE([O, 7)) defined by

o _Irl if s [0,7]

my{w,s)= |0 otherwise

for t= 10, T

For fEHE([O, 7)), the product mef EHZ([O, 7)) for all t=]0, 7], so I(m}f) s a
well-defined element of L?(dP)
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Definition (Martingale)

(Setting)

{F;}U _,.a filtration on the probability space (QQ, A, P)
Suppose a stochastic porcess {)f;}o _, s adapted to the filtration {P;}U _,

(or X&F; ie. X is F,-measurable for each 0 =< ¢)

We say {X;} 0= is a continuous-time martingale if

E(X|A)=X forany 0 <s <=t

{X;}U _, is called a (sub/super) martingale when "=" is replaced by "=" or "="
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Definition (Maximal Sequence of Martingale)
(Setting)

(M,] : any sequence of random variables

The sequence defined by

M, :==sup (M,

??.F

0<=m < n }

is called the maximal sequence associated with {M,)
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Theorem (Doob’s Maximal Inequality)

If {M,] : a non-negative submartingale & 2> 0, then

AR M, = 2)< E[M,)
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Theorem (lto Integrals as Martingales)

For any fEH?[0, T], there is a process {Xf-}felnﬁﬂ

(1) {Xf-}femjﬂ is a continuous-time martingale w.rt. the standard Brownian filtration £,

(2) For each t< [0, T] } P( {;g..{,.:: j;(g{'): I (.Fuf_}‘)(f{')}): 1
H
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Proof of (1)

Since HUE is dence in H°, choose some functions 7, EH{']E 10, 7] st.

15 =51 om0

Define a new process Xf”} by taking

X" w)= 1(myf,,)(w)

By explicit formular, for some 2EN st £, <t=¢, |,

czk(w) {B: — sz]+ Elczf(w) {

=0
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. An) . . . , .
Since X, is a continuous F.-adapted martingale, we can apply Doob’s maximar

inegaulity tp the continuous submartingale AZ := X;”” ‘fjﬁﬂ for any m < n to find

P(sup{ X () ﬁ;‘;—?'”-} : : > ¢ ) Y‘ m) )
' €

<=5~

Tl apxan " lto’s inequality)
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Because fﬁ_ converges to f In L (_dPX dt__), we can choose an Increasing subsequence
n, s.t.

[ - 2
max / / :
l H < M < ny L:': dPxd ﬂ

Taking € =2 %,

Plsup|| X" —x" 0 <t < T)=27F)<27*
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Stochastic Integral

We now use the next Lemma.

Lemma (Borel-Cantelli Lemma)

If [Aﬂ} is any sequence of events, then

£ A< it A5, <ol ia A1 =

=1 wm=1

Taking £, = | 4, and Cw):= Z 1A=(w},

n=1 n=1

sup”}i;(ﬂﬁd—)f;(ﬂ*) 0=t = T}E 2% for all k= Aw)

Therefore, for all we&,, {X,(ﬂ*)(w]l} is a Cauchy sequence in the uniform norm on

C[0, 7] and there is a continuous function tHA’;(w) 5.t

X;(m-i (w)—X(w) uniformly on [0, 7]

By construction, [Xfﬂ"')(W)} is a F, martingale, so the martingale identity for [X;}

follows i.e. [A’;} is a continuous martingale.
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Proof of (2)

By construction of 7, ,

myf, —mf in L*(dPx dt)

By Ito’s Isometry,

I(mf, y=>I(mf) in L*(dP)

We already know that
X" (wh>Xw) in L*dP)

By the uniqueness of L?(dP) limits,
| X;_I(mff) | ap) =0 for each t<=|0, 7]

This implies
P({w: X(w)= I(mff)(w)})z 1 for each =10, 7]
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Notation (lto integral sign)

if feH? [0, 7] & {Xf-}femjﬂ Is a continuous-time martingale s.t.
P( { w: X(w)= I(m,f)(w) } )=1 for each t< 0, 77,

then we write

;

r
f f(i!-{.-‘, S )dﬁ = A‘;(gy)
0

for each t= 0, 7.
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Definition (Standard Process)

We say that a stochastic process {)f;} Is a standard process provided that

0=t=T

{)f;} has the integral representation

f f
e. X =X —I—ﬁa(w,s)a’s—l—ﬁ b(w,s)dB. for 0 <t < T

where a(+,+) & b(+,+) are adapted, measurable processes satifying the conditions;

[ T II'l ( T Il'l
Hf la(w,s)|ds< o |=1 & Hf |b(w,s)|*ds< oo |=1
I',. [] I|I| IIII [] I|l|




Theorem (Ito’'s Formular for Standard Process)

Suppose
feCH?* (R xR)

{)Q} : a standard process having the integral representation

t t
X =X +fa(w,s)a’s+f bw,s)dB, , for 0 <t < T
0 0

Then we have
t azf

ox”

_ ‘of of L
)= 00+ [ % sxjas [ L sxjax

0 £

(s,,}‘(;)bg (2,s)ds

In the language of the box caculus, for the process I’;:f(t,)f;), we have

dY,= f,dt + fﬂ){ﬁ%fﬂd}f . dX
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